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1 Introduction 



Let G be a semisimple Lie group of real rank one, K G G he a. maximal compact subgroup 
5^ I and g = k © p be the Cartan decomposition of the Lie algebra g of G. Let a C p be 

a one-dimensional subspace and M (Z K he the centralizer of a in K. Fixing a positive 
root system of (g, a) we have the Iwasawa decomposition g = k© a© n. Let {a, V^) G M 
he an irreducible representation of M and F C G be a discrete cocompact torsion-free 
subgroup. Then there is a Selberg zeta function Zr{s, a), s E a^, defined as the analytic 
continuation of the infinite product 



lg]ecr,[g]^l,nr{g)=lk=0 



gjn J^(^[^g. 
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Here CT is the set of conjugacy classes in F, nr{g) is maximal number n G N such that 
g = h"- for some h eT and rrig G M, a^ G A+, Ug E N are such that 5^ is conjugated in G to 
mgagUg. S^ {Ad{mga g)~^) stands for the fc'th symmetric power of Ad{mgag)~^ restricted 
to n and p G a* is defined by p{H) := ^tr{ad{H)n). The infinite product converges for 
Re(s) > p. In this generality the Selberg zeta function was introduced in 0. 

The parameters {a, A) also define a principal series representation H'^'^ of G. A Banach 
globalization is given by 

i/-'^ = {/ : G ^ K I figman) = a^-f'a{m)-^f{g), 'iman G MAN, f\K G L^}, 

where G acts by the left regular representation. By H'^^ we denote the space of hyper- 
function vectors. 

Of main interest are the singularities of the Selberg zeta function, i.e. the poles and 
zeros. Their relation to the spectrum of elliptic differential operators on bundles over 
T\G/K and its compact dual is now well understood (see [0], p, P| and the forthcoming 
[Q). Another description of the singularities in terms of n-cohomology was given in 
0. S. Patterson [^ conjectured the relationship of the singularities of Selberg zeta 
functions with the F-cohomology of (subspaces of) principal series representations. In the 
present paper we want to prove the following theorem which settles this conjecture in the 
cocompact case. 

Theorem 1.1 The cohomology H^iV^W^^^) is finite dimensional for all p > 0, 

00 

p=0 

00 
x{T,Hlt) = T.i-^y'^^HPi^^Hlt) = 0, (2) 

p=0 

and the order of Zr{s,a) at s G a^ can be expressed in terms of the group cohomology of 
r with coefficients in -ff^'^ as follows : 

00 
OTd,=x^oZr{s,a) = - Y^i-lf p dim HP{T,H1'^), (3) 

00 
ord,=o^r(s,a) = -Y^i-lYpdimH^iT, Hl'^), (4) 

p=0 

where H'^^ is a certain non-trivial extension of H'^^ with itself. 

In fact, we propose a new method to study the F- and n-cohomology of the canonical 
globalizations of arbitrary Harish-Chandra modules (vr, V"7r,x) ^ 'HClgjK) (that is not 
restricted to the rank one case). Recall (see [0 Ch. 11, [jl3[, 0) the sequence of 
inclusions 
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where K, u, oo,— oo, —u, for stand for i^-finite, analytic, smooth, distribution, hyper- 
function and formal power series vectors of some Banach globalization of Kr,i<-. For 
uj, oo, — oo, —uj these are smooth topological G-modules and the inclusions are continuous. 
Our main tool is a resolution (called a standard resolution, see Subsection |3.2| ) of Kr,-<^ by 
F-acyclic and n-acyclic (Section 0) smooth G-modules given by the spaces of smooth sec- 
tions of homogeneous vector bundles over X = G/K. The differentials of this resolution 
are G-invariant differential operators. The F- or n-cohomology of K-,_(j is the cohomology 
of the subcomplex of F- or n-invariant vectors of the standard resolution. A rather simple 
discussion leads to the finite dimensionality and Poincare duality (Propositions ^]l|, |4.4| , 
^Aj ^). Moreover we can show that if*(n, \4,a;) = H*{n,V^^K) (Proposition ^J]) . In 



Proposition ^]2| we construct a long exact sequence relating H*(T,H'^^) with the groups 
i^*(n, V"7r,-a;) for all TT G (5 with A''r(7r) 7^ and with the same infinitesimal character 
as H^'^. We finish the proof of Theorem p..l| by comparing with the description of the 
singularities of Zy{s, a) given by Juhl 0. 



Originally, Patterson conjectured Theorem ^71] for the distribution globalization of the 
principal series. In order to study the cohomology of the distribution globalization Kr,_oo 
one should take the subcomplex of the standard resolution formed by the sections with 
at most exponential growth. Unfortunately we do not know whether this subcomplex 
is a resolution of Kr,-oo since we are not able to prove exactness. The essential point 
to show is the surjectivity of {Qq — lA (^g is the Casimir operator of G and /i G C) 
on the space of sections with at most exponential growth. This is known for trivial 



bundles |]T0[. The problem in the general case is that there is still no topological Paley- 
Wiener theorem for bundles (the non-i^-finite case). We believe that concerning the n- 
and F-cohomology (for cocompact F) there is no difference between the hyperfunction 
and distribution globalizations. But this difference will certainly appear if one tries to 
approach the more general conjecture of Patterson for finite co- volume or even more 
general F's. 

We also have a construction of a standard resolution in the higher rank case. This, 
examples and more applications will be the topic of another paper. 

Acknowledgement : We are grateful to S.Patterson for explaining to us his conjec- 
ture. We thank A. Juhl for his constant interest in our work and stimulating discussions. 
The authors are supported by the Sonderforschungsbereich 288 " Diff'erentialgeometrie und 
Quantenphysik" . 

2 Acyclicity Lemmas 

2.1 n- acyclicity of S 

Let E ^ X he the homogeneous vector bundle associated to the finite dimensional rep- 
resentation (7, Vy) of K and let S be its space of smooth sections. £^ is a n-module with 
the action induced from the left regular action of G. 



2 ACYCLICITY LEMMAS 3 

Lemma 2.1 We have 

HP{n,S) = 0, \/p>l. 

Proof: Using the Iwasawa decomposition G = NAK we obtain 

as left n-modules, where n acts trivially on [C^IAK) ® V-y]^ and the tensor products are 
topological ones. The n-cohomology complex 

can be identified with the de Rham complex of A^. Since A^ = K'^'^C") via the exponential 
map we have a contraction ^t '■ N ^ N oi N given by ^t{^xp{n)) := exp{tn), n E n, 
t G [0, 1]. The contraction $i allows us to define a continuous chain contraction 

h : C^iN) ® A^n* -^ C°°(A^) ® A^-^n*, p > 1 

satisfying dh + hd = id. The contraction h extends to the tensor product with [C°°{AK) (g) 
Vy]^ and the lemma follows. □ 



2.2 n-acyclicity of S{B) 

Let B = {nG- Xy for some A G C, / G N and S{B) = {f eS\Bf = 0}. 

Lemma 2.2 We have 

HP{n,S{B))=0, yp>l. 

Proof: We will use the following fact : An elliptic operator with real analytic coefficients 
on an analytic vector bundle over a non-compact manifold is surjective on the space of 
smooth sections of that vector bundle. By Lemma ^]T] 

-^ 8{B) ^8^8^^ 
is an n-acyclic resolution of 8{B). Taking n-invariants and using the identification 

8 = C°°(Ar) ® [C^iAK) ® V;]^ = C^iN) C°^{A) ® V^ 
we obtain the complex 

o^"^(fi)^c°°(A)®K,^c°°(A)®v:,^o. (5) 

Here "5 is the restriction of B to the subspace of n-invariant vectors. It is a second order 
translation invariant differential operator on A. The complex (^) is again exact since "^B 
is still elliptic. The lemma follows. □ 
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2.3 n-acyclicity of ^^°^ and ^^°^(5) 

Let S-f^""^ := Hom2^(k)(W(g), l<y) be the space of formal power series sections of S. Then 
E^""^ is a g-module and hence a n-module. Let £^"^'(B) := {/ G £^'^°'' | 5/ = 0}. 

Lemma 2.3 VFe have 

HP{n, £f°') = HP{n, £^°"(5)) = 0, Vp > 1. 

Proof: £^°^ is isomorphic to the injective n-module Hom(W(n) ® W(a), V^). The map 

B* : W(g) ®w(k) F^ ^ W(g) ®^^(k) V^, 

given by the multiplication by B, is injective. This can be seen by going to the graded 
module Gr(U{g) (8>z^(k) V^) = S(p) ® Vy. Hence B is surjective on 8^°^. Now one can 
argue as in the proof of Lemma |2.2| . □ 



2.4 F-acyclicity of S 

Let F C G be a discrete subgroup acting properly on X. 

Lemma 2.4 We have 

HP{T,£)=0, Vp>L 

Proof: For p > let CP := {/ : F^+i ^ ^} and 9 : C^ ^ C^+i be defined by 

P+i 
(a/)(7o,...,7p+i):=E(-l)V(7o,...,7^,...,7p+i), / e C^ 

i=0 

F acts on C^ by 

(7/)(7o, . . . , 7p) = ^7/(7-^0, . . . , 7"Sp), 7 e r, / G C^ 
Then H*{r,S) is the cohomology of the complex of F-invariant vectors 

—>■ ^C^ —>■ ^C^ —>■ ^C"^ —>■ 

Since F acts properly on X there is an open set U G X such that {7f/}^gr is a locally finite 

covering of X. Moreover, there is a partition of unity {p-y}^gr such that supp(p^) G •yU 

and I/-yiP^ = p-y-^-y. Consider a cocycle / G ^C^, df = 0, p > 1. Let F G C^~^ be defined 

by 

^(70, •• -,7^-1) (a;) = Z!/(7o,---,7p-i,7)(a;)P7(x). 

7er 
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The sum is finite for any x G X. F is F-invariant, F E C^ . In fact 

L^F(7~So,---,7"Sp-i) = I] ^7/(7"So,---,7"Sp-i, 7)^7/^7 

76r 

= II/(7o,---,7p-i,77)P77 
7er 

= ^(7o,---,7p-i)- 



Moreover 



p 

(9F)(7o,...,7p) = ^(-l)*^/(7o,...,7i,...,7p,7)p^ 

1=0 7er 

p 
= im(-l)7(7o,---,7i,-- -,7^,7)^7 

7Gr i=0 

= E(-l)V(7o,...,7p)P7 

7er 

= (-1)V(7o,...,7p)- 



Hence 9(— 1)^F = /. The lemma follows. □ 



2.5 a e n-acyclicity of C^(G) 



Let C '^{G) be the hyperfunctions on G (see ll^). We consider C ^{G) as a a© n-right 



module with the action induced by the right regular representation of G. 

Lemma 2.5 We have 

i/P(a©n,C-"(G)) = 0, Vj9>L 

Proof: Let B be the sheaf of hyperfunctions on G. It is a sheaf of right a © n-modules. 
Forming the a © n-cohomology complex locally we obtain the complex of sheaves 

^ i3 ^ i3 © A^(a © n)* ^ S ® A2(a © n)* ^ . . . . (6) 

We claim that this complex is exact. By the left G-invariance it is enough to show the 
exactness at 1 e G. We employ the Iwasawa decomposition G = KAN. Let U (Z K he 
a small neighborhood of the identity which can be identified analytically with an open 
subset V C H,<i™(-f^). The a © n-cohomology complex of C~'^{AN) can be identified with 
the de Rham complex over j^i+dim{n) Thus 

^ B\uAN ^ B\uAN © A'(a © n)* ^ B\uan ® A'(a © n)* ^ . . . . 

is isomorphic to the sheaf version of the partial de Rham complex with hyperfunction co- 
efficients on V^ X j^i+dim{n) g^^ |.]-^jg complcx of sheaves is exact by Thm. 3.2 in |^. Thus 
(P) is an exact complex of sheaves. The sheaf of hyperfunctions on G is flabby. Hence (^ 
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is an acyclic resolution of sheaves with respect to the global section functor. On the one 
hand the cohomology groups of the complex of global sections are the sheaf cohomology 
groups of B and they vanish at all degrees p > 1 again because of the flabbyness of B. On 
the other hand they are the a © n-cohomology groups of C^'^i^G) = B{G). The lemma 
follows. □ 



2.6 r-acyclicity of C-^{G Xm K) 

Let r C G be a discrete subgroup such that r\G is compact. Let {a, V^) e M. We 
consider C'^IG x^ V^) as a left F-module with the action induced from the left regular 
action of G. 

Lemma 2.6 We have 

HP{r,C-'^{GxMV^)) = 0, Vp>0. 

Proof: Let W be a finite open cover of T\G such that p : G —>^ T\G induces analytic 
diffeomorphisms of the connected components oi p~^{U) with U for all U &IA. Let U be 
the open cover consisting of the connected components of the lifts of all U eU. Let G^ 
be the vector space of Cech-cochains of the sheaf B„ of hyperfunction sections of G x ^^ V^- 
with respect to the cover U. There is a natural F-action on G^ given by 

(7/)(f/o, . . . , t/p) = L,f{^-'Uo, . . . , r%), 

/ e CP, f/i G W, f/o n . . . n ?7p ^ 0, 7 G r. Note that as a F-module Gp = Homc(CF, C) ® 
V^ for a certain vector space V^ with the trivial F-action. In fact, let S^ be a set of 
representatives with respect to F-translation of non-trivial intersections of p + 1 elements 
of W. Then we can choose V'^ := Yiu&sp ^a(U). 

It follows that G^ is F-acyclic, W^iV, G'^) = for all p > 0, g > 1. The Cech complex 

^ C° ^ C^ ^ C^ ^ . . . (7) 

is F-equivariant. Since B^j is flabby (|^) is exact at all degrees p > 1. On the one hand 
the cohomology groups of the complex of F-invariant vectors in (^ are isomorphic to 
H*{r,G~'^{G Xm Va)). On the other hand this complex can be identified with the Cech 
complex of the flabby sheaf of hyperfunction section of T\G Xm V^ with respect to the 
cover U. The lemma follows. □ 



3 Resolutions of admissible representations 
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3.1 Constructions of differential operators 

Let (vr, VJr,_ft:) £ 'HC^gjK). Then Vn^K decomposes into a direct sum of joint generalized 
eigenspaces of Z{g). Hence we may assume without loss of generality that there exist 
A e C and / G N such that B := (fie - A)' G Ann(V;,,j^). 

Let W he a finite dimensional i^-stable subspace of Vj^^k, the dual of Vt^^k in the 
category T-CC{g,K), which generates Vjf^K as a W(g)-module. Let Eq ^ X he the homo- 
geneous vector bundle G Xk W and Sq he the space of its smooth sections. Using any 
globalization K- of Vt^^k (i-e. a representation of G such that V^ = Vt,^k) we can define an 
embedding 

t : v;,K ^ ^0 = [C^iG) ® Wf 

by 

(z(t;)(5f),w) := (w,7r(5f ^)v), v E V^^k,w eW,g eG. 

In fact, the closure of iIVj^^k) in ^o is contained in Sq{B) and constitutes the maximal 
globalization V-^^max of V^.i^" in the sense of Schmid [l^ by its very definition. Schmid's 
theorem identifies Kr,max with the hyperfunction vectors V^-uj '■= ((V^),^)' of any Banach 
globalization V^ of V^^k, hence K-,_tj does not depend on the choice of the globalization 
K. 

We will also consider the space VT^jor '■= V-^ k ^^ formal power series vectors of K-.e"- 
There is an exact functor from 7iC{g,K) to the category of (not necessarily i^-finite) 
(g, i^)-modules which sends Vt,^k to VT,jor- Note that V-^jor = Il^gj^ Kr,E'(7)- 

For homogeneous vector bundles E and F on X we denote by D{E,F) the set of 
G-invariant differential operators £^ — > JF. 

Proposition 3.1 There exist homogeneous vector bundles Ei, E2, . . . on X and G-invariant 
differential operators Di G D{Ei, -Ej+i), i = 0,1, . . ., such that the embedding i : K-,-lj "-* 
£o{B) can be extended to a (possibly infinite) exact sequence 

- K,-. ^ So{B) ^ £i{B) ^ S,{B) ^ . . . . (8) 

This sequence remains to be exact on the level of formal power series : 

^ V^jar ^ £t{B) ^ S("'\B) ^ £t\B) ^ . . . . (9) 

Proof: Let Z{E) he the image of Z{g) in D{E, E). The following lemma is well known. 
Lemma 3.2 For any vector bundle E ^ X the C[B]-module Z{E) is finitely generated. 

Lemma 3.3 For any vector bundle E ^ X we have S{B)k G 7iC{g, K). 

Proof: Let (7, V^) he the finite dimensional representation of K corresponding to E and 
(7, V^) its dual. We consider the i^-equivariant embedding 

i:V;y^ £{B)k 
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defined by 

iiv)if) := {vJie)) , 

where we identify tlie fibre oi E a.t e = [K] with V^. Let T := W(g)(i(V^)). For any t E T 
the dimension of Z{g)t can be estimated by the dimension of a generating subspace of the 
C[S]-moduIe Z{E). Thus, by Lemma P^ , T is a locally Z(g)-finite and finitely generated 
W(g)-module. Hence, by a theorem of Harish-Chandra (|l^, 3.4.7), T G HC{g,K). The 



canonical map 8{B)k -^ T is injective by the analyticity of solutions of the equation 
Bf = 0. In fact, an element in the kernel of this map would have a vanishing Taylor series 
at e. We obtain that T ^^ £{B)k is surjective. Thus T = £{B)k and £{B)k G HC^g, K) 
since the dual of a Harish-Chandra module is a Harish-Chandra module, too ([0' 4.3.2). 

n 

Lemma 3.4 Let Vt^^k be a Harish-Chandra suhmodule of S{B)k- Then there exist a 
homogeneous vector bundle F and an operator D G D{E,F) such that kei D fl £{B)k = 
Vt,^k- We also have kei D fl £{B) = VJr,-a;- 



Proof: According to the proof of Lemma 3.3 there is a surjection 



W(g) ®z,(k) V^ ^ £{B)k . 

Let ly be a finite dimensional i^-stable generating subspace of the Harish-Chandra module 
Vj-f^ C £{B)k- Then we choose a ii"-equivariant map a such that the following diagram 

V^"-^^ -^ £{B)k 

commutes. This is possible since W(g) ®u{\C) V^ is -R'-semisimple. 

We set F := G x^ W. The map a can be considered as an element of 

[W(g) ®^/(k) V^ ® Wf ^ [U{g) ®,,(k) Hom(\/^, W)f . 

The latter space is canonically isomorphic to D{E, F) via the right regular representation 
R oiU{g) on C'^{G)(g)V^. Thus a defines an element D G L'(F, F). li a{w) = J2Xi®Vi, 
then 

{w,Df)p = Y,{v,,RxJ)e e C°^iG), weW,v,e V^,X, e W(g) . 
Let / G £{B), X G U{g) and w eW. Then we have 

{w,LxDfil))F = {w,DLxf)F 

= Y.i^,,RxMfi^))E (10) 

= {w,Lxf)£(B) 

= {Lxopw, f)e{B) , 

where X -^ X°^ is the anti-automorphism of W(g) induced by the multiplication with —1 
on g. By construction Df = iff the left hand side of (0) vanishes for all X G U{g) and 
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w G W, while / G V^-,-,^ iff the right hand side does. The lemma follows. □ 



In order to prove Proposition ^?T] we iterate Lemma |3]^. Di{8i{B)K) is a Harish- 
Chandra submodule of Si^i{B)x- Therefore we find a bundle -E'j+2 and an operator 
Z^j+i G D{Ei+i,Ei+2) such that ker_Dj+i fl Si+i{B)K = Di{Si{B)K)- We obtain an exact 
sequence of Harish-Chandra modules 

-> K,A' ^ So{B)k ^ Si{B)k ^ S2{B)k ^ . . . . 

Applying the maximal globalization functor which is exact (see |jl3|) we end up with (§). 
Analogously, we want to obtain (y) by taking formal power series vectors. This is possible 
according to the following lemma. 

Lemma 3.5 For any homogeneous vector bundle E we have 

{£{B)K)for = S^-'^iB) . 

Proof: Let E be associated to the /^-representation Vy. We have seen in the proof of 
Lemma P]l that there is a surjection W(g) ®u{k) V^ —^ £{.B)k- Hence 



S{B)k = W(g) ®w(k) V^/{£{B)k)^ , (11) 

where {£{B)k)'^ denotes the annihilator of £{B)k in W(g) (8>w(k) V^- Of course, £{B)-^ D 
BU{g) (8)w(k) Vj. We claim that S{B)j^ = BU{g) 0u(k) V;y. Indeed, if S{B)j^ would be 
larger than BU{g) (8'w(k) V^, we could find a.ia f E £k which on the one hand annihilates 
BlA{g) ®w(k) V^, that is / G S{B)k, and on the other hand is non-zero on £{B)-^. This is 
a contradiction. 

Now, the lemma follows by dualizing ([TI|). □ 

3.2 The standard resolution 

The aim of this subsection is to extend (H) to an exact sequence of full section spaces. 

Lemma 3.6 Let E, F be homogeneous vector bundles on X and A G D{E,F) such that 
A£{B) = 0. Then A = HB for some H G D{E,F). 

Proof: Let (7^, V^J, i = 1, 2, be the representations of K in the fibre of the origin of E 
and F, respectively. Since £^°^'{B)k — £{B)k we have A£^°''\B) = 0. We consider the 
annihilator S^°^'{B)^ = £{B)j^ in W(g) ®zv(k) V^i- We have seen in the proof of Lemma 



|]5|that this space is equal to BU{g) 0u{k) Vj^. 

We consider A as an element of [W(g) ®w(k) ^-i ® ^2]^- Therefore A can be written as 
J2 Ai^Vi, where Ai G £^"^{B) and Vi G V-y^. Hence there exist elements Xi G l^{g)®u{ii.)y^i 
such that A = J2 BXi ® vi. Set 

H:=Y.X.,®v,e [W(g) ®e,(k) % ® V,,f ^ D{E, F) . 

Then A = BH = HB. D 



Let V.„^K, Ei, Di be as in Proposition 3.1. 
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Proposition 3.7 There exist Hi G D{Ei,Ei+2), "^ > 0, making the following into an exact 
complex: 

^ \ B J ^ [ -B Do J \ B Di J , , 

£q Si 



We shall call ([T2|) a standard resolution of V^,-^;- 

Proof: In order to construct the operators iifj we apply Lemma p.6| for A = Di^iDi. Since 
B : Si —>■ Si a.s an elliptic operator with analytic coefficients is surjective the exactness of 
(|T2p is easily reduced to the exactness of (^). □ 

4 n-cohomology 

4.1 Finite dimensionality 

Let (vr, V^_;^) G 7YC(g,if). Recall that iJ*(n, V^_^) carries a natural MA-module struc- 
ture. For /i G a^ we define the generalized eigenspace 

HP{n, K,-c.)m ■= {V e i^^(n, V;,_<^) | 3fc such that {H - /i(i/))S = Vi/ G a}. 



Proposition 4.1 i. T/ie inclusion Kr,_(^ ■— > K-jor induces an isomorphism 

^. dimifP(n,K,~..) = dim HP{n,V^j or) < oo . 

3. Assume B := Qq — A G Ann(Vjr,i<:) /or some A G C. If fj, ^ — p, i/ien a acfo 
semisimply on HP{n, K-.-lj)^- 



Proof: According to the Lemmas 2^, 2^ and Proposition 3J. /7^(n, VJr.*) for * 



-cu, 



/or is isomorphic to the cohomology of the subcomplex of n-invariants of (^) and 
respectively. This together with the following lemma implies the proposition. 

Lemma 4.2 For any homogeneous vector bundle E ^ X associated to V^ we have 

""SiB) = "^^""(5) . 
Furthermore, this space is finite dimensional and consists of elements of the form 
f{nexp{H)k) = 7(A;-i) J2 P^{H)e^^^''\ P. G 5(a*) ® V^, A, G a^ . 



// the assumption of Proposition \4-l\ , 3. is satisfied, then deg Pj < 1 and deg Pi = 0, 
whenever Aj 7^ p. 
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Proof: The W(a)-module 



is finite dimensional (see ||14[, Ch.4). Therefore it splits into generalized weight spaces 
^S-^°'''{B)^, ft G slq. f G "-£-^°^{B)fj_, considered as a formal power series on a, satisfies the 
differential equations 

{H + fx{H)ff = \/Hea (13) 

for a certain fc G N. The solutions of ([T3|) have the form 

P{H)e-''^^\ PeS{a*). 

They extend to smooth n-invariant sections in "-S{B). 

We are left with the proof of the last assertion. We use the following formula for the 
Casimir operator applied to n-invariant sections of E: 

nafiexptH) = {e"'^H)^^-tpiH) _ |^|2 ^ ^(fi^^))/(expti7), i/ g a, |if | = 1 , 

where ^2^/ is the Casimir operator of M and 7 the /^-representation defining E. If / is of 
the form fiexptH) = P(ti/)e-'^(*^), fi^/ = A/ implies 

^PitH) - 2(/i + p){H)j^P{tH) + ((^, /i) + 2(p, /i) + 7(fiM) - A)P(t/7) = 0. 
It follows that degP = if /U 7^ — p and degP < 1 in the remaining case. □ 



4.2 Poincare duality 

We consider a double complex of Frechet or dual Frechet spaces 




















i 




i 




i 


- 


^ H^ 


d 

>• 


H^ 


d 

— > 


H^ 


i 


i 




i 




i 


K^ - 


^ LO'O 


d 

>• 


^0,1 


d 

— > 


^0,2 


id 


id 




id 




i9 


K^ - 


-. Li'O 


d 

> 


Li'i 


d 

— > 


Li'2 


id 


id 




id 




i9 


K^ - 


■^ L2'0 


d 

> 


L2.1 


d 

— > 


^2,2 


id 


id 




id 




i9 



(14) 
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such that the horizontal and vertical complexes 

^ if J ^ L°'^' ^ L^'^' -^ L^'J' ^ . . . 

are exact and i^*, H* have the induced topologies as subspaces. 
Lemma 4.3 // the differential of the complex 

has closed range, then so does the differential of 

Let {7r,V^,K)enC{g,K). 

Proposition 4.4 The n-cohomology o/K-.-w satisfies Poincare duality 

HP{n, K,-..)* = i7dim(n)-p(j^^ y_^^-^ ^ A^''"^'^n. (15) 

Moreover, 

HP{n,V^,^)^H^in,V^,K). (16) 



Proof: Consider a standard resolution of V^r,-,^. By Lemma |2.2| the complex (|g) is a n- 
acyclic resolution. Taking the n-cohomology complex of the complex (^ in the vertical 
direction we obtain a double complex of the type (p!4D. The first vertical line becomes 

The dual of this complex is isomorphic as a complex of MA-modules to the n-cohomology 
complex of V^-.w tensored with A'^™^"^. Here we employ the topological duality (V^,-tj)' = 
T4,a;- For (|15|) it is enough to show that the differential of ( |17D has a closed range. In view 
of Lemma [4.3| we must show that the differential in 

^ "K,-. ^ "^o(5) ^ "^i(5) ^ "^2(5) ^ . . . (18) 



has closed range. But by Lemma [4.2| this complex is finite dimensional. The isomorphism 



(piq ) follows from the algebraic Poincare duality 
(|15|) andQl). □ 
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5 F-cohomology 

5.1 Finite dimensionality 

Let (vr, Vtj^k) ^ 'HCi^g, K) and F C G be a discrete torsion free cocompact subgroup. 
Proposition 5.1 We have 

dimH^iV, K,-^) < oo, Vp > 0. 
Proof: Let 



( "b ) ^> ( % S; ) ^^ 



Da Hi 
B Di 



be a standard resolution of Kr,_(^. By Lemma |2.4| the cohomology of the subcomplex of 
F-invariant vectors is isomorphic to iJ*(F, Vt^-S)- 

For any homogeneous vector bundle E ^ X the space of smooth F-invariant sections 
^S can be identified with the space of smooth sections of r\E —>■ F\X. Since B is elliptic 
and normal with respect to the canonical L^-structure on ^S and F\X is compact we can 
splitr£ = r^(5)©r^(5)^. 

We do this splitting for all ^Si entering the standard resolution. We obtain a complex 
which is a direct sum of an exact complex built from the ^Si{B)-^ and a complex of finite 
dimensional vector spaces 

- %(i?) ^^^ © ^ -""-J"" ^ © ^ ""-^^r.. (19) 

^So{B) ^S,{B) 

The cohomology of the latter complex is isomorphic to if*(F,\4_^). The proposition 
follows. □ 



5.2 Poincare duality 

Proposition 5.2 The T-cohomology of Vt^^±^ satisfies Poincare duality 

i7P(F,Kr,-.)* = i7"-P(F,V^^,^), 

where n = dim(X). 

Proof: Note that K- -^^ is a Frechet representation of F and V^^u is its topological dual. 
Since F\X is an oriented compact manifold we can find a finite oriented simplicial complex 
P being homeomorphic to F\X. From a baricentric subdivision of P we can construct two 
oriented simplicial complexes K, K being homeomorphic to P such that K is dual to K 
(see 0, Ch VI). I.e., for any oriented p-simplex a^ G K there is an unique oriented n — p- 
simplex a^~P c K such that a^ fl 5-""^ is a baricenter of a simplex of P and the algebraic 
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intersection number is 1. Note that r\X has the homotopy type of the classifying space 
BY. The representation V-^-i^ gives rise to a local system over K. We form the associated 
cochain complex 

O^C'^C'^C'^..., (20) 

where 

aP€K 

We have identified the space of constant sections of the local system over a^ with the fibre 
over a^ fl o"""^, where 5"""^ is dual to a^. It turns out that the topological dual of the 
complex (|20D is exactly the cochain complex 

associated to K and the local system induced by \4,^. The pairing C^ ® C"-^p ^ C is 
obtained as follows : The summand K-,_t^ C C^ corresponding to a^ is paired nontrivially 
with the summand VJr,tj C C*"~p corresponding to the dual simplex a"~^. In order to show 
that Poincare duality holds it is enough to show that the differential d : C^ —^ C^"*"^ has 
a closed range for all p > 0. 
Let 

be a standard resolution of Vt^-uj- Each L^ is a Frechet representation of F and gives rise 
to a local system over K and to a complex 

These complexes fit together to a double complex of Frechet spaces, where C^'^ -^ (7i.p+i 
is induced by {—lyd. On the one hand the cohomology with respect to d is concentrated 
in the zero degree since the standard resolution is exact. It yields exactly the complex 
(pOl). On the other hand the cohomology with respect to d is also concentrated in the 
zero degree since the L^, p > 0, are F-acyclic by Lemma p.4| . It gives the complex (|19|). 



The differential of the latter complex has closed range. Applying Lemma [4.3| we conclude 

that the differential of (|^) has closed range, too. □ 

In a similar manner one can also prove a Poincare duality using the hermitian dual. 

6 r-cohomology of the principal series 

6.1 A long exact sequence 

Let (cr, Vo-) G M and A G a^. We define the representation ax of MAN on V„^ := K- by 
a\{man) = a^^^a{m). Consider C~'^{G) Va^ as a right a © n-module. Here a acts on 
both C"'^(G') and V^^. The a © n-cohomology complex of C"'^(G') © 14^ 

-^ C-"(G)©K, ^ C-"(G)©V;,©Ai(a©n)* ^ C-"(G)©V;,©A2(a©n)* ^ . . . (21) 



6 T-COHOMOLOGY OF THE PRINCIPAL SERIES 15 

is exact in all degrees p > 1 by Lemma [275] . In fact, as a right a©n-module C~^{G) ® Vo-^ 



can be identified with C~^{G) V^ with the trivial a © n-action on V^. Moreover ( pi]) 
admits an M-action induced from the right regular action of M on C^'^{G) and a. Since 
M is compact, the subcomplex 

^ C-"(Gxa/V;J ^ C-"(GxM(V;,®Ai(a©n)*)) ^ C-"(GxM(V;,©A2(a©n)*)) ^ . . , 

(22) 
of M-invariants is still acyclic in all degrees p > 1. The complex (|2^) admits a left G- 
action induced from the left regular action on G~'^{G). By Lemma |2.6| (^2|) is a F-acyclic 
resolution of its zero'th cohomology for any cocompact torsion free discrete subgroup 
r C G. But the zero'th cohomology of ( p2| ) is the space of MAA^-invariant hyperfunctions 
in C^'^(G') © Vcr^ and can be identified as a G-module with the maximal globalization if^'^ 
of the principal series. 

Corollary 6.1 The cohomology of 

^ C-"(r\G Xm KJ ^ G-"(r\G Xm (K, © A'(a © n)*)) ^ (23) 

^ G--(r\G Xm (K, ® A2(a © n)*)) ^ . . . 

zs isomorphic to H*(r,HZ'^). 

Let Xo-,A be the infinitesimal character of Hl'^. Let T be the finite set of equivalence 
classes of irreducible unitary representations of G with infinitesimal character Xcr,x- The 
right regular representation of G on L'^iG) decomposes as 

Hilbert 

L\T\G) = Nr{7r)V^, (24) 

vreG 

where Nr{n) e N and Nr{n)V^ := ©S'"'' K- Note that if*(n, K -<^) carries a natural 
MA-module structure. Let H he a unit vector in a. 

Proposition 6.2 There exists a long exact sequence 

... A Nr{n)[R'{n, K,-.) ® V^,f -. if^+^(r, if!'^^) ^ (25) 

ttGT 

- Arr(7r)[//^+i(n, K,-.) ® K 

ttGT 



'o-aJ ~^ • • • ) 



where h : HP(n, K-.-w) ® K-^ ^ H^^n, K-.-oj) ® K-^ ^■5 ^^e action of H induced by the 
a-module structures of the n- cohomology and ofV^^. 

Proof: From ( p4|) we obtain a decomposition 

C~^iV\G Xm (V;, © AP(a © n)*)) = Nr{Ti)[V^,-u. ® V;, © AP(a © n)*]^'' © R^ , 

ttET 
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where K^ = [C-^(r\G)x ® K, ® A^(a©n)*]^^ and C~'^{T\G)± is the space of hyperfunc- 
tion vectors of the subrepresentation {Q)n£TNr{Ti)Vn)^ C L'^(T\G) of the right regular 
representation. The complex (p3D decomposes into a direct sum of two subcomplexes 

^ iVr(7r)[K,-. ® V^,f ^ iVr(7r)[K,-. ® V;, ® A^la © n)*]^'^ ^ (26) 

^ iVrWK-. ® K, © A2(a © n)*]*^ -^ . . . 

ttGT 

and 

7^• : ^ i?° ^ i?^ ^ i?2 ^ . . . . (27) 



Lemma 6.3 The complex (27) is exact. 



Proof: The set of infinitesimal characters Xn of representations tt G G with NyItt) ^ has 
no accumulation points. Thus we find a finite set Ai G Z{g) and e > such that for any 
71 EG with Nrin) ^ and Xn ¥" Xa,x there is some i{Tr) with |x,r(^i(7r)) -X<7,A(A(7r))| > e. 
The center Z{g) acts on the complexes (|23|), (pT)). The induced action on if *(r, ii^'^) has 
the infinitesimal character Xcr,\- Let [a] G H^{TZ), a G -R^, (ia = . Then for A G >Z(g) 
we have A[a] = [Aa] = Xa,x{A)[a]. Thus {A - XaA^))'^ = d(3{A) for some f3{A) G Rp~^. 
Note that i?^"^ has a further decomposition as a topological direct sum 

RP-^ 
We decompose 



Define 

7 



topological 


TVrM 

K,-. 
i=i 


©K, ©AP-i(a 


© 


n)* 


M 




7rGG,X,r7^X<T 


(^UA). 









.eG.x.^x... ^=1 X.(Aw)-X.,a(Aw) 



Then 7 G i?^ ^ and a = d'y. The lemma follows. □ 

From Lemma |6.3| follows that H*{T,H'^^^) is isomorphic to the cohomology of (pB]). We 



have AP(a © n)* = A^n* © AP-^n* © a*. We identify a* = C using H. Then (H) is 
isomorphic to a finite direct sum of subcomplexes 



(^) [V;,_^©K, ©n*]^'^ ( 



^ [K,-. © K ^^-^ 



2„*lAf 



[V;,-.©K,©A2n*]*^ (;J 2 
© — > 



(2^ 
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Here any ti E T contributes to (|2^) with Ny{t^) copies of (P^). The differential d is the 
differential of the n-cohoniology complex. A standard argument of homological algebra 
now gives the long exact sequence (|25|) . This finishes the proof of the proposition. □ 
H*{n, K-,-a;) is a direct sum of generalized if-eigenspaces. By Proposition ^TT] for A 7^ 
the generalized \{H) — p(i7)-eigenspace is in fact ker(iJ — \{H) + p{H)). 

Corollary 6.4 For X ^ ,p > we have 



ttST 



HP{T, HZt) = iVr(vr) (//^(n, V;,_ J © H^'-^n, K,-J) ® K, 



M,H 



where [.]^'^'^ stands for M-invariant vectors in the kernel of H. 

Again by Lemma |4.2| H^ acts semisimply on if*(n, V^-^-^.;) for all tt. We modify the 
differential of the complex (|2lD replacing the action of H by H^. Then it remains still 
exact in all degrees p > 1. Taking M-invariants we obtain a corresponding modification 
of (^21). Its zero'th cohomology is as a G-module a non-trivial extension if^'^ of Hl'^ with 

^ iJ!:" ^ i7!:^ ^ iJ!:^ ^ o. 



itself 



Arguing as above we obtain 

Proposition 6.5 There exists a long exact sequence 

. . . ^ Nr{7r)[R'{n, K,-J ® V^,f ^ (29) 

TTgT 

^ H^^\T, Hit) ^ Arr(7r)[i/^+^(n, K,-.) ® Kj^ ^ • • • , 

ttGT 

where h"^ : if^(n, V^ _aj) ® K-^ — > iJ^(n, K-,-,^) ® V^;^ «s i/ie action of H"^ induced by the 
Si-module structures of the n- cohomology and ofV^j^. 

Corollary 6.6 For p > we have 



HP{r, HX) = Nrin) (//^(n, K,-c.) © HP-\n, K,-.)) © K, 



A-f,/^^ 



TTgT 



where [.]*^''^ stands for M-invariant vectors in the kernel of H"^. 

6.2 Proof of the Patterson Conjecture 

The assertions (|l]) and (|^) follow immediately from |6.4| and |6.6| . 

We now recall the description of the singularities of Zr(s, 7) given in ||^. Let w G 
iV^ft:(a) represent the non-trivial element of the Weyl group W = Z2 oi (g,a). Then 
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w(A) = —A, A G Hq. Moreover if (cr, V^) G M we let a^ be the representation of M on V^ 
given by a"'(m) = a{wmw-^). Thus (aA)"" = {a'")-x. For (vr, 14,^) G nC{g,K) let 

dim{n) 

x(7r,a,A):= 5: (-irdim[i7^(n,V;,^)®V(.,).]^^'^°°, 

p=0 

where [.]^'^°° stands for the M-invariants in the generalized 0-eigenspace of H. By Lemma 
0| it is enough to take the kernel of H^. 



Theorem 6.7 (Juhl, [0] Thm. 7.2.1) 



ord.=A^r(s, a) = (-l)d-(") J^ iVr(7r)x(7r, a, A). (30) 

ttGG 



By Proposition ^^ we have for all (vr, Vt,^k) ^ 'HC{g, K) 
Let 

dim(n) 

x{n,a,X):= ^ (-l)Pdim[i7P(n, K,-J ® V(^™)J 

p=0 



Then x(7r, 0", A) = (— l)'^™^"^x(^) f^i '^)- It is easy to see from Lemma |6.3| that if Xn 7^ X5-'", 



then Nr{TT)x{TT, cr, A) = 0. Thus we can restrict the summation in (|30|) over the finite set 

f := {n e G \ Xtt = Xa^,\}- Set 

oo 

xi(r,v;,_^) := ^(-i)^pdim(/7^(r,K,-.)). 

p=0 



From Corollary ^^ and q]6| it follows that 

^ iVr(7r)x(vr,a, A) = -Xi(r, i/^:'"), A ^ (31) 

TreT 

^iVr(7r)x(7r,a,0) = -xi(r,^!:'°). 

TrGT 

We apply now identities in the F-cohomology of principal series representations for dif- 
ferent parameters {a, A) in order to reduce (|^) and (H) to (0) and (pOl). It is known that 
the singularities of Zr{s, a) are on a* U za*. 

We first discuss the case a = a^. If A G a*, then by applying Poincare duality twice 
(one times with the complex linear dual and then with the hermitian dual) we get 

XiiT,HZ'') = (-l)'^^'"(")+^Xi(F,i/:-^) = Xi{r,Hlt). 

By (^) we see that (^ holds for A G a* \ {0}. In a similar fashion we obtain (p. If 
A G «a* \ {0} we have again by Poincare duality Xi(F, HZ J ) = Xi(F, Hl'~ ). By ( pOD and 
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the unitary equivalence ilf^'^ = H"~^ equation (^ also holds for imaginary A. Now we 
consider the case a ^ a^ . Then all singularities of Zr(s, a) are on is* . For A G ^a* \ {0} 
we have the unitary equivalence H^'^ = H'^'"'^^. Using this and again Poincare duality 
we obtain xi(r,i/!™'^) = Xi(r,i/"'j). Now (D follows for A ^^ Jrom (^. If A = 
we apply Poincare duality twice to obtain xi(J^iH'Lj ) = xii^,HZj ). Then @ follows 
since ords=o-^r('S, cr) = ords=o-^r('5, <J^) (see [Q). This finishes the proof of Theorem |TTl|.n 
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